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Abstract 

The Weyl integration model presented by An and Wang can be effectively used 
to reduce the integration over G-space. In this paper, we construct an especial Weyl 
integration model for KAK decomposition of Reductive Lie Group and obtain an in- 
tegration formula which implies that the integration of L 1 -integrable function over 
reductive Lie group G can be carried out by first integrating over each conjugacy class 
and then integrating over the set of conjugacy classes. 
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1 Introduction 

For a compact connected Lie group G, the classical Weyl integration formula (e.g. ref. 
Knapp 1 ) indicates that an integration of any continuous function over G can be reduced 
to one over its maximal torus. That is to say the integration can be carried out by first 
integrating over each conjugacy class and then integrating over the set of conjugacy classes. 
Then for a general Lie group, how to reduce the integration of functions over it ? 

In Helgason[5], the author presents some integral formulas related to the Cartan, Iwasawa 
and Bruhat decompositions for semisimple Lie groups. In this paper, we will use the Weyl 
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integration model, which is first introduced by An and Wang in [3] and can be used to 
generalize the reducing integration idea to integrations over G-spaces, to obtain an integral 
formula for KAK decomposition of reductive Lie groups. It is worthy of indicating that this 
reducible idea of integrations can be effectively used to calculate the eigenvalue distribution 
of random matrices in random matrix ensemble theory. But here we do not plan to study 
those applications in random matrix theory. 

Let G be a Lie group, X a G-space, Y a imbedding submanifold of X and a the en- 
action on X. Suppose that dx, dy and d\x are proper invariant measures over X, Y and 
G/K respectively. The Weyl integration model (see section 2 for its details) is a system 
(G,a,(X,dx),(Y,dy),(G/K,d[i)) satisfying some proper conditions (see 0-©)- Indeed, 
for a Weyl integration model, the following formula holds for all / 6 ^(X, dx), 

[ f{x)dx = ]( (f f(a(g,y))d»([g}))j(y)dy, (1) 
Jx « Jy k Jg/k ' 

where J € C°°(Y) and d is the multiplicity of the model. That is to say that the integration 
over a G-space X can be converted to the integration by first integrating over each orbit 
and then integrating over the orbits space Y. Moreover, under some orthogonal conditions, 
J(y) can be effectively calculated, i.e. there is a constant G such that 

J(y) = C\ dct #„|, for all y £ Y', (2) 

where ^ y is a mapping induced by G-action a (see 

In this paper, we will construct a Weyl integration model ( K xK, a, (G, dg), (A, da), {{Kx 

K)/M,d^y The meanings of its members are as follow. G is a reductive Lie group with 
Lie algebra g. Let 6 be the Cartan involution on g. g = t©p is the Cartan decomposition of 
g, where t and p are the +1 and —1 eigenspaces of 9 respectively. Let K be the associated 
maximal compact subgroup of G with Lie algebra {. 

Let a be a maximal abelian subspace of p. Set A = exp(a), then A is a closed subgroup 
of G. It is known that G = KAK in the sense that every element in G has a decomposition 
as k t ak 2 with k 1 ,k 2 G K and a G A. 

To consider the following group K x if-action 

a : {K x K) x A -> G, ((^ , k 2 ), a) h-» k^ak' 1 . (3) 

Let 

M = {{k^kA e K xK\k 1 ak- 1 = a,Va e A}. (4) 
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Then the K x if-action a can be naturally reduced to a map (p, i.e. 

tp : {K x K)/M x A -> G, ([(fc 1 , fcj], a) h-> fc^fcf 1 . (5) 

Let dg, da be the Haar measures on G and A respectively. There has a K x if- 
invariant measure dyu. on (if x K)jM since if x if is compact. Then we can prove that 
(K x K, a, (G, dg), {A, da), ((K x K) /M, d/i)) is a Weyl integration model with finite mul- 
tiplicities. Thus by we obtain an integral formula (sec theorem 12.61 for details) which 
reduces the integration over reductive Lie group G to one first over (K x K) j M and then 
over its subgroup A. Moreover, by @, we can calculate that the according J(y) has the 
following formula 

J(a) = C ft \ S mh(X(H))f\ (6) 

Aes+ 

where a = e H , H € a, f3 x is the dimension of the restricted root space g A with respect to the 
restricted root A in the positive restricted root system S + and C is a proper constant. By 
comparison, it is formally analogous to the integration formula for Cartan decomposition of 
noncompact semisimple Lie groups (see 

The structure of the paper is as follow. In section 2, we briefly introduce the Weyl 
integration model and the Restricted root system and KAK decomposition for a reductive 
Lie group. The main results of the paper are presented at the end of this section. In section 
3, we prove the main results. 

2 Preliminaries and Main Results 

2.1 Weyl integration model 

In this subsection, we briefly introduce the Weyl integration model. One may refer to 
for details. 

Let G be a Lie group which acts on a n-dimensional smooth manifold X. The action is 
denoted by a : G x X — > X. Let dx be a G-invariant admissible measure on X. Y is an 
imbedding submanifold of X. Suppose that there is an admissible measure dy on Y, and 
Xq c X, Yq c Y are closed zero measure subsets of X and Y respectively. Set X' = X\Xq, 
Y' = Y\Y and K = {g e G\a{g,y) = y,V y e Y}. Let K x = {g e G| a{g,x) = x} be the 
isotropic subgroup associated with x £ X and O y — {cr(g,y) | g € G} the orbit of y E Y. 
Then K C K y ,V y e Y. In the following text we suppose that 

X' = |j Oy. (7) 

yev 
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TyX = TyOy ffi TyY, £ Y', 



(8) 



which is called the transversal condition. 



6hnK v = dimK, Vy eY'. 



(9) 



The G-action a : G x A — ► X can be reduced to a map (p : G/K xY —> X by tp([g],y) = 
<j{g, y) and furthermore to a map which is still denoted by ip, i.e. tp : G/K x Y' — > X' by 
restriction. By the above assumption, <p is surjective. Suppose that there is a G-invariant 
admissible measure dfi on G/K. 

Proposition 2.1. Suppose the conditions Q, |jHJ anc! /ioW, iftera : G/K x V' — > X' 

is a local diffeomorphism. 

Let G, X, Y, K, a, (p, dx, dy, dfi be the above objects. A Weyl integration model is a system 
(G, a, (X, dx), (Y, dy), (G/K, dfi)) , in which we can choose X such that the map ip : G/K x 
Y' — > X 1 is a finite-sheeted covering map. The number of sheets of the covering map is 
called the multiplicity of the model. About a Weyl integration model, we have the following 
basic theorem. 

Theorem 2.2. If (G,a, (X,dx), (Y,dy), (G/K, dfi)) is a Weyl integration model with mul- 
tiplicity d, then the formula (JTJ holds for all f £ C°°(X) with f > or f £ L X (X, dx). 

Let s be a linear subspace of the Lie algebra g of G, such that q = t © s, where t is the 
Lie algebra of K. Then s can be identified with the tangent space Ti e ](G/K) of G/K at 
point [e] in a natural way: 



By the transversal condition ©, the tangent map dip : Tm(G/K) © T y Y — > TyX of y> at 
point ([e],y) (y £ Y 7 ) can be regarded as a linear transformation 



T [e] (G/X)=s. 



dtp : s © T,Y -> T^Oy © T y y. 



It can be proved that (see [H]) 




(10) 



where ^ v : s ^ T y O y is given by 



<M0 = I 



t=o 



cr(exp^,y), V^6S. 



(11) 
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Suppose that there is a Riemannian structure on X such that the following orthogonal 
condition holds 

T y Y _L T v O y , for all y £ Y'. (12) 

Let dx and dy are the Riemannian measures on X and Y respectively. Then there is a 
constant G such that 

J{y) = C|det* y |, for all y EY'. (13) 

2.2 Restricted root system and KAK decomposition for reductive 
Lie group 

In the sense of Knapp ([I], Sec. 7. 2), a reductive Lie group is a 4-tuple (G, K,9, B) 
consisting of a Lie group G, a compact subgroup K of G, a Lie algebra involution 6* of 
the Lie algebra g of G and a nondegenerate Ad(G)-invariant ^-invariant bilinear form B 
on g such that (i) g is a reductive Lie algebra, (ii) the decomposition of 9 into +1 and — 1 
eigenspaces under 8 is g = t © p, where t is the Lie algebra of K, (iii) t and p are orthogonal 
under B and B is positive definite on p and negative definite on 6, (iv) multiplication, as a 
map from K x exp(p) into G, is a diffeomorphism onto, and (v) every automorphism Ad(g) 
of g c is inner for g 6 G, i.e., is given by some x £ Int(g c ). K is called the associated 
maximal compact subgroup, 6 the Cartan involution and -B the invariant bilinear form. The 
decomposition of g (according G) in property (iii) (according (iv)) is called (global) Cartan 
decomposition. 

Now let G is a reductive Lie group with Lie algebra g. Let a be a maximal abelian 
subspaces of p, then P = [J Ad(k)a. Set g x = {X e g | (adH)X = X(H)X, for all H e a}. 

k£K 

A nonzero A € a* is called a restricted root of g if g x is nonzero. Accordingly fl A is called a 
restricted root space. The set of restricted roots is denoted by S and Let E + be the set of 
positive restricted roots. 

Reflections in the restricted roots generate the Weyl group W(E) of E. Denoted by 
Nk(o) and Zft-(a) the normalizer and centralizer of a in K respectively, then the Weyl 
group W = Nk(o)/ Zk(o) and the Lie algebras of Nk(o) and Zk(o) are m = Zt(a). 

The restricted root space g x satisfies the following basic properties 
Proposition 2.3. (see 'jj) 

fi) = 0o ©09a- 

Aes 
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(ii) [s A ,0 T ] C g A+T and if X^j, then g A _L in the sense of B. 
(Hi) 6q x = q_ x , so i/AeE, then —A 6 E. 
g = a © m orthogonally. 

Let ^4 = exp a. For any reductive Lie group G, it has the following decomposition 

Theorem 2.4. (KAK decomposition Wj) Every element in G has a decomposition as k 1 ak 2 
with k ± ,k 2 6 K and a £ A. In this decomposition, a is uniquely determined up to conjugation 
by a member of W . If a is fixed as exp H with H £ a and X(H) =/= for all A £ S, i/ien fc x 
is unique up to right multiplication by a member of Zk{&)- 

2.3 Main result 

Now let us present the main result of the paper. Let (G, K, 9, B) be any reductive Lie 
group. Let dg and da be the left-invariant measures on G and A respectively corresponding 
to the Riemannian structure induced by B and d/i &Kx iT-invariant measure on (K x K) /M, 
where the set M are defined by (@J . 

Theorem 2.5. (K x K, ^, (G, dg), (A, da), ((K x K)/M, dp)} is a Weyl integration model 
with d- sheeted multiplicities, where d = \W\ and the map tp is defined by l|5]l. 

Theorem 2.6. For any f 6 ^(G^dg), 

[ f(9)dg= [ ( [ }{k 1 ak; 1 )dp)j{a)da, (14) 

JG J A k J(KxK)/M ' 

where 3(a) has the formula 0. 

3 Proof of Main Results 

In this section, we will prove the main results by constructing a Weyl integration model 
and using the theorem 12. 21 

Now Let (G,K,9,B) be any reductive Lie group, a, A,m, and W are defined in 

the above section. We come to consider the G-action a defined by © and its reduced map 
ip defined by JSJ). Let A 1 be the set of regular elements in A and G' = KA'K. It naturally 
has the following map by restriction of ip, which is still denoted by (p. 

tp:(K x K) / M G' . (15) 
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Lemma 3.1. (i) M is isomorphic to Zk(o). 

(ii) if is a surjective d- sheeted map, where d = \W\. 

Proof, (i) Note that the unit element e G A. If (fc i; k 2 ) G M, then k^ek~ x — e, i.e. k ± = k 2 . 
Thus M — {(k, k) G K x K | ka — ak, V a e A} is isomorphic to Zk{o). 
(ii) By the conclusion 1, it is the direct corollary of theorem 12.41 

Now for any i£G, set M x = {(k 1 ,k 2 ) G KxK | k 1 xk~ 1 = x} be the isotropic subgroup 
associated with x £ G and O a = {^afc^ 1 | (k 1 ,k 2 ) E K x K} the orbit of a G A'. Then 
M G M OJ for all a G A'. 

By the definition of reductive group, the invariant bilinear B determines an inner product 
on p, and — B determines an inner product on 6. We write b = a 1 - in p, and I = Ttt in 6. 
By proposition ^. 31 it is obvious that 

= mffi[ffia©b, b©[=0 0A , [ = ep|0 0A , fa= p p|0 0A . (16) 

Ae£ Ae£ A6E 

For all A G £ + , we choose a normal orthogonal basis {£ A1 ,--- >^,p } m cj A , where 
f3 x = dim g A which may be larger than one. Then for all £ x . , we have 

^+^ = ^+^6 1, (17) 

o{L, j -e^, j ) = -{^-e^.)£b. (is) 

Indeed, |($ Aj + 0£x,j) ^ e = >/3 x } composes of a basis of I and |(£ X)J — 

#£ Xii ) A G S+, j = 1, • • • ,/3 A | a basis of b. Then we get 

dim[ = dimb = ^ /3 A . (19) 

Ae£+ 

Therefore, 

dim ((if x K ) /M x A) = dim ((t © 6)/m © tt) = dim 6 + dim [ + dim a 

= dim £ + dim b + dim o = dim t + dim p = dim G. 

So ip is a map between the same dimension manifolds. 

Lemma 3.2. (i) For a G A' , denoted by L a the left translation, then 

T a O a = [dL^Adia- 1 )^ - Q | (d, Q e (6, t)}. (20) 
(ii) The following set is composed of a basis ofT a O a , 

F={dL a { Vi ), dL a (£+ ), dL a (C xj ) |t = l, 2, ••• , m, 

+ 1 (21) 

AGS+, i = 1,2, •••,/?,]. 
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Proof, (i) Note that T a O a is exactly the set composed of those tangent vectors of the smooth 
curves exp(t£ x ) • a ■ exp(— i£ 2 ) at t = by the definition of orbit O a , where (d, C2) •= Q 
and t < lei. But 



_ exp(td) • a • exp(-i£ 2 ) = -j a ■ exp (t(Ad(a x )d - C 2 ) + o(t 2 )) 

= di a (Af(OC 1 -O- 



(22) 



Hence the conclusion is obtained. 



(ii) Now suppose that {rj 1 , rj 2 , ■ ■ ■ , r) m } is a basis of m and denote £^ . = £ X;j ±6*£ A ^ . By 
£ = m © I, the following set is composed of a basis of (£, £), 

{(%, 0), (C>°)' (°» ^) I *= 1,2, •■-,»», Ae£+, j = l,2, ••• ,/3 x }. (23) 

Set a = exptf, ff G a. Then by [if, 77J = 0, [if, £±J = ^-H")^. and (gH, it can be 
calculated that 

Ad(a- 1 )(r ?i )-0 = r 7i , (24) 
Ad(a- 1 )(Z+ j )-0 = -smh{\(H))Z- ] +cosh(\(H))t;+ j , (25) 
Ma-^O)-^-,,, (26) 

MO(o)-C = -C- ( 2? ) 

Thus by the first conclusion (i), the set -F is exactly composed of a basis of T a O a - 

Lemma 3.3. (i) dim M a = dim M, for all a 6 A'. 

f«j T a G = T a A © T a O a , /or a// a e A'. 

Proof, (i) Since M = Z K (a) in lemma I3TT1 the Lie algebra of M is m = Zt(a). By lemma 
13.21 it is obvious that 



Then by ©, 



T Q O a = dL a (£ffib). (28) 



dim M a = dim(if x if) — dim O a 

= dim £ + dim £ — (dim £ + dim b) 
= dim £ — dim [ 
= dim m 
= dim M. 
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(ii) By H28|) . it is directly obtained that 

T a G = dL a (9) = dL a (t®p) = dL a (a®(b®l)) 



— T a A © T a O a . 



Proof of theorem 12.51 By Lemma 13.113.31 proposition 12.11 and the definition of Weyl 
integration model, it is obvious. 

Proof of theorem 12.61 By theorem 12 . 21 and |2 . 51 it only needs to calculate J(a) in ©. It 
is obvious that T a A _L T a O a for any a € A'. Then by the second conclusion in lemma l3~3l 
and (|13fl , we need to consider the map 

* Q : T [M] ((K x K)/M) - T a O a , (C 17 Q ~ ^j^exp^) • a ■ exp(-tQ. (29) 

Note that the tangent space Tw e ,e)] {{K x K) / M*) of [K x K) / M at its unit element 
[(e, e)] is exactly isomorphic to 

(e,0 = {(Cx.CJKx ee, C a et}- (30) 

Then the set 

{(»?«, 0), (C' )' (0,Cj)l i = 1 ' 2 ' — ' m ' AGS+, j = l,2, ••• ,/3 x } (31) 
is composed of a basis of 21( e , e )] ((K x ^0 /-^O • 

It is completely analogous to the calculation in (1221) and 124jl -f27). then we obtain 

0)) (32) 
0)) =di a (-sinh(A(if))e-. + cosh (A(tf ))£+.), (33) 
*,((0,€+ J ))=dL o (-f+ J ). (34) 

Thus by the second conclusion in lemma l3~2l and the invariance of those chosen measures, 
there is a constant C such that 



J{a) = C Yl | sinh (A(H)) 



It completes the proof of theorem !2.6l 
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